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Abstract
Let R be a regular noetherian local ring and let V be the ring of a zero-dimensional valuation v
of the quotient field of R dominating R. The aim of this paper is to characterize when V can be
obtained from R by the sequence of successive quadratic transforms of R along V . We also show
some properties of such valuations in terms of the sequence.
 2004 Elsevier Inc. All rights reserved.
Keywords: Valuations; Quadratic transforms; Rational rank; Real rank
Introduction
Let R be a regular noetherian local ring of dimension n  2 and let v be a zero-
dimensional valuation of the quotient field of R such that its valuation ring V dominates R
(i.e., R ⊂ V and M(V )∩R = M(R), where M(R) and M(V ) are the maximal ideals of R
and V , respectively).
Let (Ri) ≡ R = R0 ⊂ R1 ⊂ R2 ⊂ · · · ⊂ Ri ⊂ · · · be the sequence of regular noetherian
local rings such that Ri is the quadratic transform of Ri−1 along V for i  1. Since v
is a zero-dimensional valuation, then all the rings Ri have the same dimension n and the
extension of residual fields R/M(R) ⊂ V/M(V ) is algebraic.
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700 A. Granja / Journal of Algebra 280 (2004) 699–718The main purpose of this paper is to characterize the sequences (Ri) such that
⋃∞
i=0 Ri
is a valuation ring, for which V is necessarily V =⋃∞i=0 Ri .
In the case where n = 2, we remember that ⋃∞i=0 Ri is always a valuation (see [1]).
In his paper [9], Shannon proves the following characterization, when v is a non-discrete
real valuation: V = ⋃∞i=0 Ri if and only if (Ri) switches strongly infinitely often (i.e.,
there does not exist an integer j and a height one prime ideal p with the property that
V =⋃∞i=0 Ri ⊂ (Rj )p). See [9, Proposition 4.18].
We remark that there exist valuations v of real rank two with V =⋃∞i=0 Ri . Let R =
R0 be a two-dimensional regular noetherian local ring and let (x0, y0) be a basis of the
maximal ideal of R = R0. For i  1, let us define Ri as follows:
Ri =
(
Ri−1[yi]
)
(xi,yi)
,
with xi = xi−1 and yi = yi−1/xi−1 for i  1. By [1, Lemma 12], V =⋃∞i=0 Ri is the ring
of a valuation v of the quotient field of R. Since v(y0) > mv(x0) for any non-negative
integer m, then v has real rank two.
Here we complete the characterization given in [9] for the case of non-real valuations.
First, we show that if V =⋃∞i=0 Ri is the ring of a valuation v of the quotient field of
R = R0, then v has real rank one or two (see Proposition 7). Thus, we need characterize
only the case in which the real rank is two.
Second, if V =⋃∞i=0 Ri is the ring of a real rank two valuation v and we denote by pV
the non-zero prime ideal of V such that pV = M(V ) =⋃i0 M(Ri), then there exists a
non-negative integer i0 such that pi = pV ∩ Ri = M(Ri) and pi is a principal prime ideal
of Ri for i  i0 (see Proposition 8).
This suggests the concept of height one directed sequence (Definition 11). Namely, we
say that a sequence (Ri) is height one directed if there exists an integer j and a height one
prime ideal qj of Rj such that V =⋃∞i=1 Ri ⊂ (Rj )qj and if for some non-negative integer
k and some height one prime ideal q of Rk we have V ⊂ (Rk)q, then (Rj )qj = (Rk)q.
With this background, our main result (Theorem 13) states the following characteriza-
tion: V =⋃∞i=0 Ri is the ring of a valuation of the quotient field of R = R0 if and only if
the sequence (Ri) switches strongly infinitely often or is height one directed.
The proof of Theorem 13 derives from the good behavior of the strict transforms of
hypersurfaces (R,fR) along sequences that switch strongly infinitely often or are height
one directed (see Lemmas 10 and 12).
Next, results are given relating to the rational rank of a valuation v such that its valuation
rings is V =⋃∞i=0 Ri . In particular, we show that a valuation associated to a height one
directed sequence has rational rank two (see Proposition 14).
Finally, we analyze the structure of valuations associated to a height one directed se-
quence (Ri), when R is an excellent equicharacteristic ring of zero characteristic. In this
case, there exists a non-negative integer j0  i0 such that Rj/pj is regular local ring for
j  j0 (see Theorem 17). Furthermore, a complete description of a such valuation is given
in Remark 18.
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Most of the concepts and notations in this paper are the same as some of [2,3,5,9].
Several of them are recapitulated in this section.
All the rings considered are commutative and with unit element.
For a noetherian local ring R, we denote by M(R) the maximal ideal of R, by dim(R)
the Krull dimension of R, by R∗ the M(R)-completion of R and by
B(R) = {Rp; p is a prime ideal of R}.
Also, for each non-zero principal ideal J of R we denote by OrdR(J ) the non-negative
integer d such that J ⊂ (M(R))d and J ⊂ (M(R))d+1.
If a is a non-zero ideal of R, a monoidal transform of R with center a is a ring R1 =
(R[az−1])q, where z is a non-zero element of a and q is a prime ideal of R[az−1] such that
M(R)R[az−1] ⊂ q. If a = M(R), R1 is called a quadratic transform of R. In this case,
there exists a basis (y1, . . . , yn) of M(R) such that
R1 =
(
R
[
y2
y1
, . . . ,
yn
y1
])
Q
,
where Q is a prime ideal of R[y2/y1, . . . , yn/y1] with M(R) ⊂ Q.
By a hypersurface we mean a pair (R,J ), where R is a regular noetherian local ring
and J is a non-zero principal ideal of R. (Note that R/J may not be a reduced ring.)
Given a hypersurface (R,J ) the following should be remembered:
• (R,J ) is resolved if J = zdR, with z ∈ M(R) and z /∈ (M(R))2. Otherwise, (R,J ) is
said unresolved.
• (R,J ) has a normal crossing if J = (x1)a1 . . . (xn)anR, where a1, . . . , an are non-
negative integers and (x1, . . . , xn) is a basis of M(R).
Let R1 be a quadratic transform of R. The strict transform of (R,J ) in R1 is the hyper-
surface (R1, J1) where J1 is the ideal such that J1zmR1 = JR1 with M(R)R1 = zR1 and
m = OrdR(J ).
Let
R = R0 ⊂ R1 ⊂ · · · ⊂ RN
be a sequence such that Ri is a quadratic transform of Ri−1, 1  i N . The strict trans-
form of a hypersurface (R,J ) in Ri is the hypersurface (Ri, Ji) defined inductively as
follows:
(1) If i = 0, then (Ri, Ji) = (R,J ).
(2) If i > 0 and (Ri−1, Ji−1) is the strict transform of (R,J ) in Ri−1, then (Ri, Ji) is the
strict transform of (Ri−1, Ji−1) in Ri .
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These are nothing but a translation in our notation of well-known properties of schemes
blowing-up, see, for example, [7, pp. 163–171].
Let R be a regular noetherian local ring with dim(R) = n 2 and let R1 be a quadratic
transform of R.
Let us consider f ∈ M(R) and assume f1 ∈ M(R1), where (R1, f1R1) is the strict
transform of (R,fR) in R1. Let us write M(R) = (z1, . . . , zn), with M(R)R1 = z1R1.
Then we have:
(Q.1) R /∈ B(R′) and B(R) ∩ B(R′) = {S′ ∈ B(R′); y1 /∈ M(S′)}.
(Q.2) f1 /∈ z1R1.
(Q.3) If f /∈ zjR and zj /z1 ∈ M(R1) for some 2 j  n, then f1 /∈ (zj /z1)R1.
(Q.4) If f is an irreducible element of R, then f1 is an irreducible element of R1.
(Q.5) If f is an irreducible element of R and f /∈ z1R, then f1R1 ∩ R = fR.
In particular, and as a consequence of (Q.4), we have:
(Q.6) Let R = R0 ⊂ R1 ⊂ R2 ⊂ · · · ⊂ Ri ⊂ · · · be a sequence of regular noetherian local
rings of the same dimension such that Ri is a quadratic transform of Ri−1, for i  1.
If f is an irreducible element of R and fi ∈ M(Ri) then fi is an irreducible element
of Ri , where(Ri, fiRi) is the strict transform of (R,fR) in Ri , i  0.
To finish this section we give the following technical result.
Lemma 1. Let R be a regular noetherian local ring and let f,g ∈ R such that f + g = 0
and (R,fg(f + g)R) has a normal crossing. Then f ∈ gR or g ∈ fR.
Proof. If dim(R) = 1, then R is a discrete valuation ring and any ideal is a principal ideal.
So fR + gR = fR or fR + gR = gR.
Let us assume dim(R)  2 and let us write fR = (x1)α1 · · · (xn)αnR, gR =
(x1)β1 · · · (xn)βnR and (f + g)R = (x1)γ1 · · · (xn)γnR, where M(R) = (x1, . . . , xn).
We have (x1)γ1 · · · (xn)γn = u((x1)α1 · · · (xn)αn + (x1)β1 · · · (xn)βn), with u a unit in R.
If f /∈ gR and g /∈ fR, we can assume (without loss of generality) β1 < α1 and β2 > α2.
Thus, γ1 = β1 and γ2 = α2. If γ1 < β1, then (x2)γ2 · · · (xn)γn ∈ x1R and if β1 < γ1, then
(x2)β2 · · · (xn)βn ∈ x1R, which is a contradiction in all cases.
Therefore, (x3)γ3 · · · (xn)γn ∈ x1R + x2R.
Now, if γ3 = · · · = γn = 0, then 1 ∈ x1R + x2R, which is a contradiction. If there exists
j with 3 j  n and γj > 0, then xj ∈ x1R + x2R, which is also a contradiction.
Hence, αi  βi for 1 i  n and f ∈ gR, or αi  βi for 1 i  n and g ∈ fR. 
2. Real rank
Following [4], we remember that the real rank or the rank of an ordered abelian group
is the number of its isolated subgroups if it is finite or otherwise infinite. A subgroup S∗ of
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or α  β −α we have β ∈ S∗. It should be remembered that if a, b ∈ S, then a  b or
b a.
Let v be a valuation of the field K with V as ring associated. The rank of v is the rank
of its group of values S and is denoted by rank(v).
We recall that there exist a one-to-one mapping between the set of isolated subgroups
of S and the set of prime ideals of V (see [10, Theorem 3.2]). In fact, as the set of prime
ideals of V is totally ordered by inclusion, we have
rank(v) = dim(V )
(see [10, p. 547]).
For the rest of the section, we consider
(Ri) ≡ R = R0 ⊂ R1 ⊂ R2 ⊂ · · · ⊂ Ri ⊂ · · ·
a fixed sequence of regular noetherian local rings of the same dimension such that Ri is a
quadratic transform of Ri−1, for i  1.
Definition 2. Let S be an ordered abelian group. We say that α ∈ S is infinitely bigger than
β ∈ S if α > nβ for every non-negative integer n. In this case, we write α 	 β .
Remark 3. Let S∗ be an isolated subgroup of an ordered abelian group S, with 0 = S∗ = S.
If 0 < γ ∈ S∗ and 0 < δ ∈ S with δ /∈ S∗ then δ 	 γ . Otherwise, nγ  δ for a non-negative
integer n and δ ∈ S∗ (see [4, p. 42]).
Lemma 4. With the above notations, let f ∈ M(R) such that
fR = (z1)α1 . . . (zn)αnf0R,
with M(R) = (z1, . . . , zn), αj  0 and f0 /∈ zjR if αj = 0, 1  j  n. Let (Ri, fiRi) be
the strict transform of (R0, f0R0) in Ri for i  0. Then
fRi =
(
zi1
)αi1 . . . (zin)αinfiRi,
with M(Ri) = (zi1, . . . , zin), αij  0 and fi /∈ zijRi if αij = 0, for 1 j  n and i  0.
Proof. We need show only the result for i = 1.
Let us assume M(R)R1 = z1R1, d0 = OrdR(f0R) and write f1 = f0/(z1)d0 .
On the other hand, if zj /z1 ∈ M(R1) for 2  j  r and zj /z1 /∈ M(R1) for r + 1 
j  n, then M(R1) = (z11, . . . , z1n) with z11 = z1, z1j = zj /z1 for 2  j  r (see [5, (1.4.2)
(3)]).
Thus, fR1 = (z11)α
1
1 . . . (z1n)
α1nf1R1, with α11 = α1+· · ·+αn+d0, α1j = αj for 2 j  r
and α1 = 0 for r + 1 j  n.j
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1 j  r and f1 /∈ z1jR1. 
Remark 5. With the notations as in Lemma 4, if α1 = · · · = αn = 0, then (Ri, fiRi) is the
strict transform of (R,fR) in Ri , for i  0. Thus,
fRi =
(
zi1
)αi1 . . . (zin)αinfiRi,
with M(Ri) = (zi1, . . . , zin), αij  0 and fi /∈ zijRi if αij = 0, for 1 j  n and i  0.
Also note that if αik = 0 for 0 k  r and αik = 0 for r + 1 k  n, then zikRi ∩ Rj =
M(Rj ) for some j < i , 1 k  r .
Furthermore, if g ∈ M(R) is any other element, then
gRi =
(
zi1
)βi1 . . . (zin)βingiRi,
with βik = 0 for 0  k  r and βik = 0 for r + 1  k  n, where (Ri, giRi) is the strict
transform of (R,gR) in Ri .
Hence, r and zik , 0 k  r depends only on the sequence R = R0 ⊂ R1 ⊂ · · · ⊂ Ri .
Lemma 6. With the notations as above, let us assume that V =⋃∞i=1 Ri is the ring of a
valuation v of the quotient field of R and let us write
γi = min
{
v(f ); f ∈ M(Ri)
}
.
Assume that v(g) 	 v(f ) 	 γ0 for some f,g ∈ R. Then v(gi) 	 v(fi) 	 γi for i  0.
Where (Ri, fiRi) (respectively (Ri, giRi)) is the strict transform of (R,fR) (respectively
(R,gR)) in Ri , i  0.
Proof. We need show only the result for i = 1.
Let us write M(R)R1 = xR1 with x ∈ M(R). We have v(x) = γ0  γ1.
If d = OrdR(fR) and e = OrdR(gR) we can write f1R1 = (f/xd)R1 and g1R1 =
(g/xe)R1.
If there exists a non-negative integer m with mγ1  v(f1), then mγ0  v(f ) − dγ0,
which is a contradiction. So v(f1) 	 γ1.
On the other hand, if there exists a non-negative integer m with mv(f1) v(g1), then
mv(f ) − mdγ0  v(g) − eγ0.
If e  md , then mv(f )  v(g) and if e > md , then mv(f )  v(g) − (e − md)γ0 
v(g)− (e −md)v(f ) and (m+ e−md)v(f ) v(g). So in any case we reach a contradic-
tion and hence v(g1) 	 v(f1) 	 γ1. 
Proposition 7. With the notations as above, assume that V = ⋃∞i=1 Ri is the ring of a
valuation v of the quotient field of R. Then 1 rank(v) 2.
A. Granja / Journal of Algebra 280 (2004) 699–718 705Proof. If dim(R) 2, then rank(v) 2 (see [1]).
Let us assume, if it is possible, that rank(v) 3. Thus, dim(R) 3.
By Remark 3, we can take f,g,h ∈ V such that
v(h) 	 v(g) 	 v(f ) > 0.
As V =⋃∞i=1 Ri , then f,g,h ∈ Rj for some j  0.
Without loss of generality, we can assume j = 0 and f , g, and h to be irreducible
elements of R = R0. Furthermore, we can take f ∈ R such that
v(f ) = min{v(γ ); f ∈ M(R)}.
So, fR = xR, with x ∈ M(R) and x /∈ (M(R))2.
As v(h) v(g), then h/g ∈ Rm for some m 0.
Let (Ri, giRi) (respectively (Ri, hiRi)) be the strict transform of (R,gR) (respectively
of (R,hR)) in Ri , for i  0. By Remark 5, we can write
g = (zm1 )α1 . . . (zmn )αngm and h = (zm1 )β1 . . . (zmn )βnhm,
with M(Rm) = (zm1 , . . . , zmn ).
In this way,
(
zm1
)β1 . . . (zmn )βnhm ∈ (zm1 )α1 . . . (zmn )αngmRm.
Also by Remark 5, we get hm /∈ zmj Rm and zmi /∈ zmj Rm if i = j , 0  i, j  n. So,
hm ∈ gmRm and by (Q.6), we have hmRm = gmRm ⊂ M(Rm) and v(hm) = v(gm).
Now, by Lemma 6 we have v(hm) 	 v(gm), which is a contradiction. Hence,
rank(v) 2 and as V is not a field we have rank(v) 1. 
Proposition 8. With the above notations, let us assume that V =⋃i0 Ri is the ring of
a valuation v of the quotient field of R, with rank(v) = 2. Let pV be the non-zero prime
ideal of V such that pV = M(V ) =⋃i0 M(Ri). Then there exists a non-negative integer
i0 such that pi = pV ∩ Ri = M(Ri) and pi is a principal prime ideal of Ri , for i  i0.
Proof. We note that pV ∩Ri = 0 for all i  0.
If pV ∩Ri = M(Ri) for all i , then pV =⋃∞i=0 M(Ri) = M(V ), which is a contradiction.
Therefore, there exists i0  0 such that pi0 = M(Ri0). Furthermore, note that pi =
M(Ri) for i  i0.
To see that pi is a principal prime ideal of Ri , for i  i0 we can assume, without loss of
generality, i0 = 0, that is p0 = M(R0).
Let us write p0 = (f1, . . . , fs), with
v(f1) v(f2) · · · v(fs).
Note that f1 is an irreducible element of R0. We will see p0 = f1R0.
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Let (Rj , gjRj ) and (Rj , f j1 Rj ) be the strict transforms of (R0, gR0) and (R0, f1R0)
in Rj , respectively.
By Remark 5, we can write
gRj = (z1)α1 . . . (zrj )αrj gjRj
and
f1Rj = (z1)β1 . . . (zrj )βrj f j1 Rj ,
with M(Rj ) = (z1, . . . , zrj , zrj+1, . . . , zn) and αk = 0 and βk = 0 for 0 k  rj . Further-
more, gj /∈ zkRj and f j1 /∈ zkRj for 0 k  rj .
So, there exists hj ∈ Rj such that gj (z1)α1−β1 . . . (zrj )αrj −βrj = f j1 hj .
As gj /∈ zkRj , we have αk − βk  0, for 0 k  rj and as f j1 /∈ zkRj , for 0 k  rj ,
then gj ∈ f j1 Rj . Thus, by (Q.5) we have g ∈ f j1 Rj ∩R0 = fR0. 
Remark 9. With the notations as in Proposition 8, let j0  0 be the non-negative inte-
ger such that pi = M(Ri), for 0  i < j0 and pi = M(Ri), for i  j0. Then (Ri)pi =
(Ri+1)pi+1 , for i  j0 and V ⊂ (Ri)pi . This is an easy consequence of (Q.1).
Furthermore, if V ⊂ (Rk)q with k  0 and q a height one prime ideal of Rk , then
(Rk)q = (Ri)pi for i  j0. In fact, (V )pV = (Rk)q.
On the other hand, we also note that (Rj+1,pj+1Rj+1) is the strict transform of
(Rj ,pjRj ) in Rj for j  j0.
3. Main theorem
We use the notations of the preceding sections. In particular,
(Ri) ≡ R = R0 ⊂ R1 ⊂ R2 ⊂ · · · ⊂ Ri ⊂ · · ·
is a fixed sequence of regular local rings of the same dimension, where Rj is a quadratic
transform of Rj−1, j > 0.
We recall that a such sequence (Ri) switches strongly infinitely often if there does not
exist an integer j and a height one prime ideal p with the property that
V =
∞⋃
i=0
Ri ⊂ (Rj )p
(see [9, p. 314]).
Lemma 10. With the notations as above, let us assume that the sequence (Ri) switches
strongly infinitely often and let us consider f ∈ R = R0. Then there exists a non-negative
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(R,fR) in Rj for j  j0.
Proof. If fjRj = Rj for j  0, we can assume that f is an irreducible element of R. By
(Q.6), fj is an irreducible element of Rj for j  0.
On the other hand, let us write M(Rj )Rj+1 = zjRj+1, with zj ∈ M(Rj ), for j  0.
By (Q.2), fj+1 /∈ zjRj+1 and by (Q.1), (Rj )(fjRj ) ∈ B(Rj+1), for j  0. Thus, Rj+1 ⊂
(Rj )(fjRj ) and V ⊂ (R)(fR), which is a contradiction. 
Definition 11. A sequence (Ri) is said to be height one directed if there exists a non-
negative integer j and a height one prime ideal qj of Rj such that V =⋃∞i=0 Ri ⊂ (Rj )qj
and if for some non-negative integer k and some height one prime ideal q of Rk we have
V ⊂ (Rk)q, then (Rj )qj = (Rk)q.
Lemma 12. With the notations as above, let us assume that the sequence (Ri) is height one
directed. Let us write
i0 = min
{
i; V =
∞⋃
i=0
Ri ⊂ (Ri)qi with qi a height one prime ideal of Ri
}
and let us consider f ∈ R = R0. Then we have the following statements:
(1) If i0 > 0, there exists a non-negative integer j0  i0 such that fjRj = Rj for j  j0.
(2) If i0 = 0, there exists a non-negative integer j0  i0 such that for j  j0 we have
(2a) fjRj = Rj when f /∈ q0;
(2b) fjRj = (bj )sRj when f ∈ q0.
Where s  1 and (Rj , fjRj ) (respectively when i0 = 0, (Rj , bjRj )) is the strict transform
of (R,fR) (respectively of (R,q0R)) in Rj , for j  0.
Furthermore, let us assume i0 = 0, g ∈ q0 and f /∈ q0, then there exists a non-negative
integer j0 such that g ∈ fRj for j  j0.
Proof. (1) As i0 > 0, we point out that qi0 = M(Ri0−1)Ri0 . If qi0 = M(Ri0−1)Ri0 let us
write zi0−1Ri0 = M(Ri0−1)Ri0 . Then zi0−1 /∈ qi0 and by (Q.1), (Ri0)qi0 = (Ri0−1)qi0−1 ,
with qi0−1 a height one prime ideal of Ri0−1, which is a contradiction.
Now, a reasoning in the same way as in the proof of Lemma 10 shows (1).
(2) Suppose i0 = 0. If fjRj = Rj for all j  0 then there exists an irreducible element
f ′ ∈ R0 with fj ∈ (f ′j )sRj ⊂ M(Rj ), where s  1 and (Rj , f ′jRj ) is the strict transform
of (R0, f ′R0) in Rj , for j  0.
On the other hand, let us write M(Rj )Rj+1 = zjRj+1, with zj ∈ M(Rj ), for j  0.
By (Q.2), f ′j+1 /∈ zjRj+1 and by (Q.1), (Rj )(f ′jRj ) ∈ B(Rj+1), for j  0. So, Rj+1 ⊂
(Rj )(f ′jRj ) and V ⊂ (R0)(f ′R0).
Therefore, (R0)(f ′R0) = (R0)q0 , f ′R0 = q0 and this completes the proof of (2).
To end, let us assume i0 = 0, g ∈ q0 and f /∈ q0.
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OrdRj (bjRj ) = d  1,
for j  j1. Without loss of generality, we can assume j1 = 0.
On the other hand, let us consider h = b0 +f . Let (Rj ,hjRj ) (respectively (Rj , fjRj ))
be the strict transform of (R,hR) (respectively (R,fR)) in Rj , j  0. As h /∈ q0, there
exists a non-negative integer j0 such that hjRj = Rj , for j  j0.
If OrdR(hR)  d , then we can write hRj = aj (b′j + f ′j )Rj , with aj ∈ Rj , b0Rj =
ajb
′
jRj , fRj = ajf ′jRj and hjRj = (b′j + f ′j )Rj , for j  0. Furthermore, b′jRj = bjRj
or f ′jRj = fjRj , for j  0. As OrdRj (bjRj ) = d  1, for j  0, then f ′jRj = fjRj = Rj ,
for j  j0. Thus,
gRj ⊂ b0Rj = ajb′jRj ⊂ ajRj = ajf ′jRj = fRj ,
for j  j0.
If OrdR(hR) > d , we replace f by f 2 and take h = b0 + f 2. Now, OrdR(hR) =
OrdR((b0 + f 2)R) = d and the above reasoning shows
gRj ⊂ f 2Rj ⊂ fRj
for j  j0. 
Theorem 13. With the above notations, the following statements are equivalent:
(1) V =⋃∞i=1 Ri is the ring of a valuation v of the quotient field of R = R0.
(2) The sequence (Ri) switches strongly infinitely often or is height one directed.
Proof. (1) ⇒ (2). Let us assume that V is the ring of a valuation v of the quotient field of
R = R0. By Proposition 7, we have 1 rank(v) 2.
If rank(v) = 1, then the sequence (Ri) switches strongly infinitely often (see [9, (4.18)]).
If rank(v) = 2, we denote by pV the non-zero prime ideal of V such that pV = M(V )
and we write pj = Rj ∩ pV .
There exists a non-negative integer j0 such that pj = M(Rj ) for j  j0 and pj =
M(Rj ), for 0 j < j0 (see Remark 9).
Furthermore, V ⊂ (Rj )pj , for j  j0 and if k is any non-negative integer such that
V ⊂ (Rk)q for a height one prime ideal q of Rk , then (Rk)q = (Rj )pj (see Remark 9).
Hence, the sequence (Ri) is height one directed.
(2) ⇒ (1). Let us consider f,g ∈ R0, we must see that f/g ∈ V or g/f ∈ V .
We can assume f and g without common factors and f,g ∈ M(R0). Note that we have
f + g = 0.
Let (Rj , f jRj ), (Rj , gjRj ) and (Rj ,hjRj ) be the strict transforms of (R0, fR0),
(R0, gR0), and (R0, fg(f + g)R0) in Rj , respectively, for j  0.
By Remark 5, we can write
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(
z
j
1
)αj1 . . . (zjrj )αjrj gjRj , f Rj = (zj1)βj1 . . . (zjrj )βjrj f jRj , and
fg(f + g)Rj =
(
z
j
1
)γ j1 . . . (zjrj )γ jrj hjRj ,
with M(Rj ) = (zj1, . . . , zjrj , zjrj+1, . . . , z
j
n) and αjk > 0, β
j
k > 0 and γ
j
k > 0 for 0 k  rj .
Furthermore, f j /∈ zjkRj , gj /∈ zjkRj and hj /∈ zjkRj , for 0 k  rj .
If (Ri) switches strongly infinitely often, then there exists a non-negative integer j0
such that hjRj = Rj , for j  j0 (see Lemma 10). Thus, (Rj , fg(f + g)Rj ) has a normal
crossing in Rj and by Lemma 1, f ∈ gRj or g ∈ fRj , for j  j0. Therefore, f/g ∈
Rj ⊂ V or g/f ∈ Rj ⊂ V .
To complete the proof, let us assume that the sequence (Ri) is height one directed and
let us consider
i0 = min
{
i; V ⊂ (Ri)qi with qi a height one prime ideal of Ri
}
.
If i0 > 0, then hjRj = Rj , for j  j0  i0 (see statement (1) of Lemma 12). Thus,
(Rj , fg(f + g)Rj ) has a normal crossing in Rj , for j  j0 and a similar reasoning as
above completes the proof.
If i0 = 0, let us write q0 = b0R0 and let (Rj , bjRj ) be the strict transform of (R0, b0R0)
in Rj , for j  0. Note that qj = bjRj for j  0, in the same way as in Remark 9.
Now, we can distinguish two possibilities:
(A) fg(f + g) /∈ q0.
By Lemma 12, we get hjRj = Rj , for j  j0  0. Thus, (Rj , fg(f + g)Rj ) has a
normal crossing in Rj , for j  j0 and a similar reasoning to that used completes the
proof.
(B) fg(f + g) ∈ q0.
In this case, we can distinguish two further possibilities:
(B.1) g ∈ q0 and f /∈ q0 (similarly, if f ∈ q0 and g /∈ q0).
By Lemma 12, there exists a non-negative integer j0 such that g ∈ fRj , for
j  j0. Thus, g/f ∈ V .
(B.2) f /∈ q0 and g /∈ q0.
In this case, f + g ∈ q0. Also by Lemma 12, there exists a non-negative integer
j0 such that f + g ∈ fRj , for j  j0. Thus, g ∈ fRj , for j  j0 and g/f ∈ V .
Note that also f ∈ gRj , for j  j0. 
4. Rational rank
Following [4] and [10], we remember that the rational rank of an ordered abelian
group S is the dimension (denoted by rat.(S)) of the Q-vector space S ⊗Z Q, where Q
(respectively Z) is the set of rational (respectively integer) numbers.
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rank of its group of values S.
For the rest of the section, we shall consider
(Ri) ≡ R = R0 ⊂ R1 ⊂ R2 ⊂ · · · ⊂ Ri ⊂ · · ·
a fixed sequence of regular noetherian local rings of the same dimension such that Ri is a
quadratic transform of Ri−1, for i  1. Let us write V =⋃∞i=1 Ri .
Proposition 14. With the above notations, let us assume that the sequence (Ri) is height
one directed. Then rat.(v) = rank(v) = 2, where v is the valuation associated to V .
Proof. By [10, Proposition 3.5], we have 2 = rank(v) rat.(v).
Let us assume rat.(v) 3 and let us consider f1, f2, f3 ∈ R such that v(f1), v(f2), and
v(f3) are rationally independent in S ⊗Z Q, S being the group of values of v.
Let us write
i0 = min
{
i; V =
∞⋃
i=1
Ri ⊂ (Ri)pi with pi a height one prime ideal of Ri
}
.
By Proposition 8 and Lemma 12, there exists a non-negative integer j1  i0 such that
pj = cjRj and OrdRj (pjRj ) = OrdRj+1(pj+1Rj+1) = d for j  j1. Note that d = 1 if
i0 > 0.
On the other hand, there exists a non-negative integer j0  j1 such that
fi =
(
x
j
1
)aij1 . . . (xjrj )aijrj (cj )sij Rj ,
with M(Rj ) = (xj1 , . . . , xjrj , xjrj+1, . . . , x
j
n), cj /∈ xjk Rj and aijk = 0, 0  k  rj , j  j0,
1 i  3 (see Remark 5). Also note that rj  2, for j  j0.
Without loss of generality, we can assume v(xj01 ), v(x
j0
2 ) and v(cj0) to be rationally
independent.
Now, let us consider g = cj0 + (xj01 )d (xj02 )d ∈ Rj0 and let (Rj , gjRj ) be the strict trans-
form of (Rj0, gRj0) in Rj , j  j0. It is easy to see that we can write
gRj =
(
cj +
(
x
j
1
)αj1 . . . (xjrj )αjrj )Rj ,
with xj1Rj = M(Rj−1)Rj , αj1  d , αj2  d and such that v(cj ), v(xj1 ), and v(xj2 ) are
rationally independent, for j  j0.
In particular, V ⊂ (Rj0)(g′Rj0 ) for some principal prime ideal g′Rj0 of Rj0 , with g ∈
g′Rj0 .
Since the sequence (Ri) is height one directed, we have g ∈ pj0 = cj0Rj0 . Thus, xj01 ∈
cj0Rj0 or x
j0
2 ∈ cj0Rj0 , which is a contradiction. Hence rat.(v) = 2. 
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local ring R, with R ⊂ V and M(R) = R ∩ M(V ). Let
(Ri) ≡ R = R0 ⊂ R1 ⊂ R2 ⊂ · · · ⊂ Ri ⊂ · · · ⊂ V
be the sequence of regular noetherian local rings of the same dimension such that Ri is
a quadratic transform of Ri−1 along V , for i  1. Note that Rj ⊂ V and M(Rj ) = Rj ∩
M(V ), for j  0.
In general, rat.(v) = rank(v) = 2 does not imply that the sequence (Ri) is height one
directed. In particular,
⋃
i0 Ri = V .
To show this we have the following example.
Let us consider R = k[[x, y, z]] the power series ring in the variables x , y and z over a
field k and let us write q = yR + zR. For f ∈ R we define
v(f ) = (OrdRq(f ),Ordx(Inq(f ))),
where
f =
∑
α+β=d
aαβy
αzβ +
∑
α+β>d
aαβy
αzβ,
Inq(f ) =∑α+β=d aαβyαzβ , OrdRq(f ) = d , and
Ordx
(
Inq(f )
)= min{Ordk[[x]](aαβ); α + β = d}.
Now, it is easy to see that v : K(R) − {0} → Z × Z, given by v(f/g) = v(f ) − v(g), is
a valuation of the quotient field K(R) of R, with group of values Z × Z lexicographically
ordered. Note that rat.(v) = rank(v) = 2.
Let V be the valuation ring of v and let us consider the sequence
(Ri) ≡ R = R0 ⊂ R1 ⊂ R2 ⊂ · · · ⊂ Ri ⊂ · · · ,
where Ri is the quadratic transform of Ri−1 along V , i  1.
We point out that M(Ri) = (xi, yi, zi ), with xi = x , yi = y/xi , and zi = z/xi , i  0.
Also note that
⋃
i0 Ri ⊂ R(yR) and
⋃
i0 Ri ⊂ R(zR). So
⋃
i0 Ri is not the ring of a
valuation and the sequence (Ri) is not height one directed.
For the case in which the sequence (Ri) switches strongly infinitely often, we can have
rat.(v) 3. The following proposition shows this for any regular ring R.
Proposition 16. Let R be any regular noetherian local ring of dimension r  2. Then there
exits a sequence
(Ri) ≡ R = R0 ⊂ R1 ⊂ R2 ⊂ · · · ⊂ Ri ⊂ · · ·
such that (Ri) switches strongly infinitely often and rat.(v) = r , where v is the valuation of
the quotient field of R, with V =⋃i0 Ri as valuation ring.
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We consider the sequence
(Ri) ≡ R = R0 ⊂ R1 ⊂ R2 ⊂ · · · ⊂ Ri ⊂ · · ·
given by
Rj =
(
Rj−1
[
x
j
1 , x
j
2 , . . . , x
j
r−1
])
(x
j
1 ,x
j
2 ,...,x
j
r )
,
where M(Rj ) = (xj1 , xj2 , . . . , xjr ), xji = xj−1i+1 /xj−11 , 1  i  r − 1, xjr = xj−11 , for j  1
and x0i = xi , 1 i  r .
Now, let us consider f ∈ M(Rs) − {0}, s  0 and let (Rj , fjRj ) be the strict transform
of (Rs, f Rs) in Rj , for j  s. Then there exists a non-negative integer k, with 1 k  r
such that OrdRs+k (fs+kRs+k) < OrdRs (fRs) = d .
To show this, we write
f =
∑
i1+i2+···+ir=d
ai1i2...ir
(
xs1
)i1(xs2)i2 . . . (xsr )ir
+
∑
i1+i2+···+ir=d+1
ai1i2...ir
(
xs1
)i1(xs2)i2 . . . (xsr )ir ,
with ai1...ir /∈ M(R) or ai1...ir = 0, when i1 + i2 + · · · + ir = d . If OrdRs+1(fs+1Rs+1) =
OrdRs (fRs) = d , we have ai1...ir = 0, when i1 + i2 + · · · + ir = d and i1 > 0. Thus,
fs+1 =
∑
i2+···+ir=d
a0i2...ir
(
xs+11
)i2 . . . (xs+1r−1)ir + xs+1r g1,
with g1 ∈ Rs+1.
If OrdRs+2(fs+2Rs+2) = OrdRs (f Rs) = d , we have a0i2...ir = 0, when i2 + . . .+ ir = d
and i2 > 0. Thus,
fs+2 =
∑
i3+···+ir=d
a00i3...ir
(
xs+21
)i3 . . . (xs+2r−2)ir + xs+2r−1g2,
with g2 ∈ Rs+2.
In this way, if OrdRs+k (fs+kRs+k) = d for some k, with 1  k  r − 1, we have
ai1...ir = 0, when i1 > 0 or i2 > 0 or . . . or ik > 0 and i1 + · · · + ir = d . Thus,
fs+k =
∑
ik+1+···+ir=d
a0...0ik+1...ir
(
xs+k1
)ik+1 . . . (xs+kr−k)ir + xs+kr−k+1gk,
with gk ∈ Rs+k .
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fs+r−1 = a00...0d
(
xs+r−11
)d + xs+r−12 gr−1,
with gr−1 ∈ Rs+r−1 and a00...0d = 0. Thus,
fs+r = a00...0d + xs+r1 gr ,
with gr ∈ Rs+r . So fs+rRs+r = Rs+r and OrdRs+r (fs+rRs+r ) < d .
The above shows that for any f ∈ R there exists a non-negative integer j0 such that
fjRj = Rj , for j  j0 and this implies that the sequence (Ri) switches strongly infinitely
often, where (Rj , fjRj ) is the strict transform of (R,fR) in Rj .
To finish we will see that v(x1), . . . , v(xr ) are rationally independents.
Let us assume, if it is possible, that
r∑
i=1
αiv(xi) =
r∑
i=1
βiv(xi),
with αi  0 and βi  0 non-negative integers, 1 i  r .
Let us write
g = (x1)α1 . . . (xr)αr (x1)β1 . . . (xr )βr
(
(x1)
α1 . . . (xr )
αr + (x1)β1 . . . (xr)βr
)
.
As the sequence (Ri) switches strongly infinitely often, there exits a non-negative integer
j0 such that gjRj = Rj , for j  j0, where (Rj , gjRj ) is the strict transform of (R,gR)
in Rj , j  0 (see Lemma 10). Thus,
gRj =
(
x
j
1
)γ1 . . . (xjr )γrRj
and by Lemma 1,
(x1)
α1 . . . (xr)
αr ∈ (x1)β1 . . . (xr )βrRj or (x1)β1 . . . (xr)βr ∈ (x1)α1 . . . (xr )αrRj .
In any case, we have (x1)α1 . . . (xr)αrRj = (xj1 )α
j
1 . . . (x
j
r )
α
j
r Rj , for j  0.
As v((x1)α1 . . . (xr)αr ) = v((x1)β1 . . . (xr )βr ), we have αji = βji , 1  i  r . Hence,
αi = βi , 1  i  r . Note that αji = αj−1i+1 , 1  i  r − 1 and αjr =
∑r
i=1 α
j−1
i , for
j  1. 
5. Structure of valuations associated with height one directed sequences
Let
(Ri) ≡ R = R0 ⊂ R1 ⊂ R2 ⊂ · · · ⊂ Ri ⊂ · · ·
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a quadratic transform of Ri−1, for i  1.
Let us assume that the sequence (Ri) is height one directed and let v be the valuation of
the quotient field of R defined by the sequence (Ri) and that has V =⋃∞i=0 Ri as valuation
ring (see Theorem 13).
As rank(v) = 2, let p be the non-zero prime ideal of V such that p = M(V ) and denote
by pi = Ri ∩ p, i  0 and by i0 = min{i; pi = M(Ri)}. Note that pj is a prime principal
ideal of Rj and (Rj ,pjRj ) is the strict transform of (Ri0,pi0Ri0) in Rj , for j  i0 (see
Proposition 8 and Remark 9).
We consider the sequence
(
R∗i
)≡ R∗ = R∗0 ⊂ R∗1 ⊂ R∗2 ⊂ · · · ⊂ R∗i ⊂ · · · ,
where R∗i is the M(R)-adic completion of Ri , for i  0 and we write V =
⋃
i0 R
∗
i .
Let v∗ be any valuation of the quotient field K(V ) of V such that V ⊂ V ∗ and
M(V ∗) ∩ V = M(V ) =⋃i0 M(R∗i ), where V ∗ is the valuation ring of v∗.
Now, V ∗ ∩K(R) is the ring of a valuation of the quotient field K(R) of R, with V ⊂ V ∗
and M(V ∗) ∩ V = M(V ) =⋃i0 M(Ri). Thus, V ∗ ∩ K(R) = V and v∗ is an extension
of v to K(V ).
On the other hand, for each non-negative integer i we consider the sequence
(
R∗
)i ≡ R∗i ⊂ (R∗i )1 ⊂ (R∗i )2 ⊂ · · · ⊂ (R∗i )j ⊂ · · · ,
where (R∗i )j is the quadratic transform of (R∗i )j−1 along of V ∗ for j > 0.
Note that R∗i+k = ((R∗i )k)∗, for k  0, where as always ((R∗i )k)∗ is the M((R∗i )k)-adic
completion of (R∗i )k , k  0.
We denote by v∗i the valuation of the quotient field K(R∗i ) of R∗i such that the valuation
ring of v∗i is V ∗i = V ∗ ∩ K(R∗i ), i  0. Note that v∗i is an extension of v to K(R∗i ), i  0.
The main objective of this section is to prove the following theorem.
Theorem 17. With the above notations, let us assume that R is an excellent equicharacter-
istic ring of zero characteristic. Then there exists a non-negative integer j0  i0 such that
Rj/pj is regular local ring, for j  j0.
Proof. First, we note that Rj is an excellent equicharacteristic ring of zero characteristic
for j  0.
If i0 > 0, then pi0 = M(Ri0−1)Ri0 and pj = gjRj for j  i0, where (Rj , gjRj ) is the
strict transform of (Ri0 ,M(Ri0−1)Ri0) in Rj . Hence, Rj/pj is a regular local ring, when
i0 > 0 and j  i0.
If i0 = 0, there exists a non-negative integer i1  i0 = 0 such that OrdRi (piRi) = d  1,
for i  i1.
Let us assume d  2, i.e., Rj/pj is not a regular local ring, for j  i1.
Without loss of generality we can also assume i1 = 0.
A. Granja / Journal of Algebra 280 (2004) 699–718 715By the Weierstrass Preparation Theorem (see [11, Vol. II, Theorem 5, p. 139]) and after
do a change of variables, we can write
R∗ = R∗0 = k0
[[
z01, x
0
2 , . . . , x
0
n
]]
and
p0R
∗
0 =
((
z01
)d + d∑
i=1
ai
(
x02 , . . . , x
0
n
)(
z01
)d−i)
R∗0 ,
with a1 = 0, ai ∈ k0[[x02 , . . . , x0n]] and x02 , . . . , x0n ∈ M(R0).
Furthermore, zj1 ∈ M((R∗0 )j ), where ((R∗0)j , zj1(R∗0)j ) is the strict transform of
(R∗0 , z
0
1R
∗
0) in (R
∗
0 )j , for j  0 (see [3, Lemma (10.7)]).
Let us write
ei = min
{
v∗(h); h ∈ M(R∗i )}= min{v(h); h ∈ M(Ri)},
for i  0.
At this point, we have v∗(z01) 	 e0. Otherwise, me0 > v∗(z01) for some non-negative
integer m. Then there exists y01 ∈ R0 = R, with z01 −y01 ∈ (M(R0))m. Thus, v∗(z01) = v(y01 )
and v∗(zj1) = v(yj1 ) > 0, where (Rj , yj1Rj) is the strict transform of (R0, y01R0) in Rj ,
j  0. This implies y01R0 = p0 and d = 1, which is a contradiction.
In any case, we can write
p0R
∗
0 =
(
S1 + b11
(
x02 , . . . , x
0
n
)(
z01
)+ b10(x02 , . . . , x0n))R∗0 ,
with S1 ∈ (z01)2R∗0 and b11, b10 ∈ k0[[x02, . . . , x0n]].
If b10 = b11 = 0 then p0 = z01R∗0 ∩ R0 and p0 ⊂ (z01R∗0 )2. As R = R0 is an excellent ring,
we have that (R∗0/(p0R∗0))(z01R∗0 ) is a regular local ring, which is a contradiction.
Thus, b1k = 0 for some k, with 0 k  1. Let ((R∗0 )j , b1jk (R∗0)j ) be the strict transform
of (R∗0 , b1kR∗0 ) in (R∗0 )j , for j  0.
Assume, if this is possible, that there exists a non-negative integer j1 such that
b
1j1
k (R
∗
0)j1 = (R∗0 )j1 .
We can write
b1k
(
R∗0
)
j
= (xj1 )αkj1 . . . (xjn)αkjn (R∗0)j ,
with M(Rj ) = (xj1 , . . . , xjn), for j  j1.
Let us consider
hj1 = gj1 +
((
x
j1
1
)αkj11 . . . (xj1n )αkj1n )2,
where pj = gjRj , for j  0.
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transform of (Rj1 , hj1Rj1) in Rj , j  j1. Thus, hj1 ∈ pj1 and xj1l ∈ pj1 , for some αkj1l = 0.
So, xj1l Rj1 = pj1 and pi = M(Ri), for some i , with 0 i < j1, which is a contradiction.
Hence, b1jk (R
∗
0 )j = (R∗0 )j for j  0 and there exists a non-negative integer i2  0 such
that OrdR∗j (b
1j
k (R
∗
0 )j ) = d1  1, for j  i2.
We point out that
R∗j = kj
[[
z
j
1, x
j
2 , . . . , x
j
n
]]
,
with xj2 , . . . , x
j
n ∈ Rj , for j  0.
At this point, working with b1i2k as above, we can write
R∗i2 = ki2
[[
z
i2
1 , z
i2
2 , x
i2
3 , . . . , x
i2
n
]]
and
pi2R
∗
i2
= (S2 + b22(xi23 , . . . , xi2n )(zi22 )+ b21(xi23 , . . . , xi2n )(zi21 )+ b20(xi23 , . . . , xi2n ))R∗i2,
with S2 ∈ (zi21 , zi21 )2R∗i2 and b22, b21, b20 ∈ ki2[[x
i2
3 , . . . , x
i2
n ]].
Furthermore, if ((R∗i2)j , z
j
2(R
∗
i2
)j ) be the strict transform of (R∗i2 , z
i2
2 R
∗
i2
) in (R∗i2)j , then
z
j
2 ∈ M((R∗i2)j ), for j  0 (see [3, Lemma (10.7)]).
Also, v∗(zi22 ) 	 ei2 . Otherwise, mei2 > v∗(zi22 ) for some non-negative integer m. Then
there exists yi22 ∈ Ri2 with zi22 −yi22 ∈ (M(R∗i2))m. So, v∗(z
i2
2 ) = v(yi22 ) and v∗(zj2) = v(yj2 ),
where (Rj , yj2Rj) is the strict transform of (Ri2 , z
i2
2 Ri1) in Rj , j  i2. This implies
y
i2
2 Ri2 = pi2 and d = 1, which is a contradiction.
If b20 = b21 = b22 = 0, then pi2 = (zi21 R∗i2 + z
i2
1 R
∗
i2
) ∩ Ri2 and pi2 ⊂ (zi21 R∗i2 + z
i2
1 R
∗
i2
)2.
Since Ri2 is an excellent ring, we have that (R∗i2/(pi2R
∗
i2
))
(z
i2
1 R
∗
i2
+zi21 R∗i2 )
is a regular local
ring, which is a contradiction.
Therefore, b2k = 0 for some k with 0  k  2. Let ((R∗i2)j , b
2j
k (R
∗
i−2)j ) be the strict
transform of (R∗i2 , b
2
kR
∗
i2
) in (R∗i2)j , for j  0.
Assume, if this is possible, that there exists a non-negative integer j2  i2 such that
b
2j2
k (R
∗
i2
)j2 = (R∗i2)j2 .
We can write
b2k
(
R∗i2
)
j
= (xj1 )αkj1 . . . (xjn)αkjn (R∗i2)j ,
with M(Rj ) = (xj1 , . . . , xjn), for j  j2.
Let us consider
hj2 = gj2 +
((
x
j2
)α1j21 . . . (xj2n )α1j2n )2 ∈ Rj2,1
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Now, it is easy to see that OrdRj (hjRj ) = d , for j  j2, where (Rj ,hjRj ) is the strict
transform of (Rj2 , hj2Rj2) in Rj , j  j2. Thus, hj2 ∈ pj2 and xj2l ∈ pj2 for some αkj2l = 0.
So, xj2l Rj2 = pj2 and pi = M(Ri), for some i , with 0 i < j2, which is a contradiction.
Hence, b2jk (R
∗
i2
)j = (R∗i2)j for j  i2.
At this point, we can repeat the above reasoning for n− 1 steps.
In this way, there exists a non-negative integer in−1 such that
R∗in−1 = kin−1
[[
z
in−1
1 , . . . , z
in−1
n−1, x
in−1
n
]]
and we can write a generator of pin−1R∗in−1 in the form
Sn−1 + bn−1n−1
(
x
in−1
n
)(
z
in−1
n−1
)+ · · · + bn−11 (xin−1n )(zin−11 )+ bn−10 (xin−1n ),
with Sn−1 ∈ (zin−1n−1, . . . , zin−11 )2R∗in−1 , bn−1k ∈ kin−1[[x
in−1
n ]], and v∗(zin−1k ) 	 ein−1 , 0  k 
n− 1.
If bn−1k = 0, for 0 k  n − 1, then
(
z
in−1
1 R
∗
in−1 + · · · + z
in−1
n−1R
∗
in−1
)∩Rin−1 = pin−1 and
pin−1 ⊂
(
z
in−1
1 R
∗
in−1 + · · · + z
in−1
n−1R
∗
in−1
)2
.
As Rin−1 is an excellent ring, we have that (Rin−1/pin−1)(zin−11 R∗in−1 +···+z
in−1
n−1 R∗in−1 )
is a regu-
lar ring, which is a contradiction.
Thus, bn−1k = 0, for some k, with 0 k  n− 1.
Now, let m be the non-negative integer such that
md OrdRin−1
(
bn−1k Rin−1
)
< (m + 1)d.
Then it is easy to see that OrdRin−1+j (pin−1+jRin−1+j ) < d , for some 0 j m, which is
a contradiction.
Therefore, we get to contradiction when d  2. Hence, d = 1 and Rj/pj is a regular
ring, for j  i1. 
Remark 18. With the notations as in Theorem 17, Rj+1/pj+1 is a quadratic transform of
Rj/pj , for j  j0. Furthermore, V/p =⋃jj0 Rj/pj is the ring of a rank one valuation v
of the quotient field K(V/p) of V/p given by
v
(
π(f )
π(g)
)
= v(f ) − v(g),
where f,g ∈ R and π : V → V/p is the canonical epimorphism.
Thus, v(f/g) = (s, v(π(f ′))) − (r, v(π(g′))), where f = f ′f ′′ and g = g′g′′, with
f ′, g′ /∈ pj0 , f ′′ ∈ (pj0)s − (pj0)s+1 and g′′ ∈ (pj0)r(pj0)r+1.
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Remark 19. With the notations as above, if dim(R) = 2 there exists a nonnegative inte-
ger j0  i0 such that (R∗j ,pjR∗j ) is resolved, for j  j0. This is nothing but a resolution
theorem for plane curves, see, for example, [2]. In particular, if R is an excellent, or more
general a pseudogeometric ring, then Rj/pj is a regular local ring, for j  j0, without
making any assumptions about the characteristic of R.
We point out that the ring R of [8, Example 7, pp. 209–210] can be used to give an
example of a height one directed sequence, for which (R∗j ,pjR∗j ) is resolved but Rj/pj is
not a regular local ring for j  0.
Finally, the proof of Theorem 17 derives from “nice” properties of the maximal contact
in zero characteristic. Note that (R∗ik , z
ik
k R
∗
ik
) are hypersurfaces of maximal contact for
some auxiliary hypersurfaces. In positive characteristic p, this works when the multiplicity
of the corresponding hypersurface is not divisible by p.
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